Properties of the second order nuclear potentials derived from the symmetrical pseudoscalar meson theory are examined with respect to such phenomena that the fourth and higher order nuclear forces do not take a serious role. Informations originating from p-p scattering at low and intermediate energies furnish a strong confirmation of the second order potentials. Corrections which are required to the second order potentials by the experimental data are estimated and are found to be not inconsistent with the fourth order potentials. § 1. Introduction
Since the type of the I'I'·meson was found to be pseudoscalar, nuclear forces between two nucleons have been given in various ways, adopting the symmetrical pseudoscalar meson theory. It has been made clear that the fourth order nuclear potentials in the static approximation are stronger than the second order ones inside the meson Compton wave length i.e., 1 .40 X 10-13 cm 1 l. It has also been estimated that the sixth order nuclear potentials take a serious role when the inter-nucleon distance x in the unit of the meson Compton wave length is smaller than 0.6.~) In this region, involved effect due to multiple scattering 3 l, effect due to simultaneous presence of three or more mesons none of which are emitted or absorbed by the same nucieon 4 l, non-static corrections 5 l, and so on, are also large and the neglect of them is not justified.
On the other hand, properties of the static second and fourth order potentials in the region x> 0.6 have been analyzed according to the so-called "Taketani principle", which si quite useful in such circumstances. G) The nuclear potentials constructed from the symmetrical pseudoscalar meson theory are almost the same whether the coupling type is pseudoscalar or pseudovector, as far as the region x> 0.6 is concerned, if the effects of the nucleon pair formation appearing in the former case are reduced by some causes, e.g., by the radiative effects. However, different methods to derive the nuclear forces give different potential shapes for either of the coupling types.
TMO potentials 7 l are the results of one extreme method of derivation. In this method, the dissociation probability, P .D> representing the probability of the system to be in the states where one or more mesons are present is approximated by the perturbation method up to the second order and becomes much larger than unity when the two nucleons come very close together.'~> The potentials derived by the other extreme method are BW potentials3l where P1J is irrespective of the inter-nucleon distance and vanishes identically. 8 
l It
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However, both TMO potentials and BW potentials can reproduce experi· mental data qualitatively. Therefore FST potentials/) which restrict the dissociation proba· bility t:> 0 < P.D < 1, are also expected to be the case.
Thus, it has been well known that the meson-theoretical nuclear forces have very suitable characteristics to fit the experimental data of the two-nucleon system qualitatively. However, if one wants to go a step further into a quantitative treatment of the nuclear force problems, one encounters many obstacles to be surmounted. For instance, how should one treat the difference in the fourth order potentials originating from every different method to construct the potentials ? Or is it possible to draw any quantitative conclusions on the meson-theoretical nuclear forces in the region x> 0.6 without being obscured by their uncer· tainties in the region x < 0. 6 ?
It is highly desirable to exploit the meson-theoretical nuclear forces as quantitatively as possible, avoiding the obstacles described above. In this paper we investigate from experimental data to what extent the second order potentials are reliable in the region x> 1.
Furthermore we compare qualitatively the experimentally required corrections to the second order potentials with the fourth and higher order potentials. As will be shown in Sec. 2, the most suitable experiment for this purpose is the p-p scattering at low energy. The properties of the central forces are discussed in Sec. 3, comparing them with the p-p scattering experiment at 3.9 Mev, while those of the tensor forces are investigated in Sec. 4 using the 18.3 Mev data. The questions above can now be answered in the affirmative on the basis of these results. Conclusions summarized in Sec. 5 furnish a strong confirmation of the symmetrical pseudoscalar meson theory. § 2. General remarks on phenomenological analysis Many conclusions have been drawn concerning the properties of the meson-theoretical nuclear forces. First of all, let us see to what extent they are reliable qualitatively and to what extent they are confirmed quantitatively discriminating the contributions of the second order potentials from those of the higher order ones.
At low energy, the second and fourth order nuclear forces derived from the meson theory reproduce the low energy parameters of both the triplet and the singlet states, with the coupling constant g 2 j4n of about 0.08*, if suitable phenomenological potentials inside x= 0.6 are assumed7) 3 J 9 J 1 oJliJ. However, emphasis should be laid on the fact that all these parameters are defined mainly by the wave functions of the S-states, and are dependent, in consequence, on the shape and magnitude of the fourth order and the phenomenological inside potentials, as will be seen.
According to a calculation of Blatt and Kalos 12 i, it is impossible to explain simultaneously all the low energy data assuming the second order potentials alone. This is also the case *) g2/4rr is the coupling constant with the pseudovector coupling. It is related to the equivalent pseudoscalar coupling constant G2/4rr as g 2 /4rr= (p/2M) 2 G~/4rr. no matter how a phenomenological attractive potential is added to the second order potentials, as far as the attractive potential is independent on the spin and r-spin operators.
Actually, for g 2 j 41l''"'-0.08, the second order potential of the singlet even state is too weak to reproduce the experimental data of the scattering length and the effective range at one time. A strong attraction of the fourth order in this state is expected to play an important role.
For BW potentials, it is known from a calculation that various deuteron parameters are dependent on the strength of the inside phenomenological tensor potentiaP 0 l. For TMO potentials a large cut off of the attractive nature for the central potential is necessary for the deuteron to be bound 9 l.
Thus, low energy parameters are connected with the second order potentials as well as with the fourth order and the phenomenological inside potentials.
There exists, however, one exception that is attributable mainly to the second order potentials alone. Namely, a slight difference between the experimental values of the n-p and p-p singlet effective range can be explained by the mass difference between ;:±. and n-0 -mesons 13 >. If one attributes this difference to some interactions effective when two nucleons <:orne very close together, it seems that one can not help assuming they are very singular, which can hardly be justified. 14 l However, as the problem of the mass difference itself is very involved, it seems to be premature to conclude the validity of the meson-theoretical nuclear forces from this fact alone.
At intermediate energy the meson-theoretical potentials can also reproduce both n-p and p-p scattering data qualitatively 9 )lO)llJl 5 l, which is mainly due to their following properties. The singlet odd potential is repulsive, while the averaged effect of the triplet odd potentials is attractive. The effects of these two states cancel each other, resulting in the n-p angular distribution that is nearly symmetric about 90°9>. However, if only the second order potentials are assumed, large backward n-p scattering arises actually owing to the operator ('r 1 ·1'2) (0' 1 ·0'2) which makes both the singlet and triplet odd central forces repulsive16l. So, the fourth order central potential in the triplet odd state is expected to play an important role. The total cross section of the n-p scattering is reduced to the experimental value when BW potentials are adopted if suitable phenomenological potentials inside x= 0.6 are assumed 10 JlSJ, while all of the phenomenological potentials proposed so far reproduce too large ones. However, the total cross section is also very sensitive to the parameters of the inside potentials 10 l.
On the other hand, the p-p scattering experimental data restrict the triplet odd -state potentials such that the central force is very weak and the tensor force is not so stro:::1g as the other state ones.
Actually the meson-theoretical potentials averaged over x have the above required properties 11 J.
As the second order potentials are in general very weak compared with the fourth order ones, the singlet even state potential has a quite short range. The meson-theoretical singlet D-wave phase shift is much smaller than those due to the usual phenomenological p;,tentials. This is mainly due to the properties of the second order potential and is fitting to the isotropic p-p angular distribution 9 lllJlSJ. The Recently, the pseudoscalar meson-theoretical potentials have been applied to some problems of nuclei other than deuteron 17 l. These results are indeed interesting, but to discuss about them is outside the scope of this paper, as no conclusive knowledge about two-body nuclear forces can be got from them.
It follows from the remarks above that there are many facts indicating the qualitative validity of the meson theory of nuclear forces. At the same time one finds that the quan· titative knowledge about it is rather poor.
In order to push the theory forward so that it can be treated quantitatively, it is highly desirable to investigate its predictions with respect to such phenomena that the fourth order and the phenomenological inside potentials are not definitely effective.
As S-waves are distorted by the second order potential as well as by the higher order ones, their properties are not suitable for our purpose. So it is interesting to inquire into the properties of the P-waves at energy as low as one can. However, the n-p scatter· ing is not useful because P-waves interfere with S-waves which are of phenomenological nature. On the contrary, the triplet P-waves in the p-p scattering distorted by the nuclear forces interfere with the well known Coulomb force scattering, which is quite favourable to our analysis.
The presence of non-central forces separates the triplet P-wave phase shift into three. This makes the analysis very complicated. First we study the properties of the central force from the averaged P-wave phase shift at 3.9 Mev where the effect of the tensor force can be replaced safely by an equivalent central force. Then we investigate the properties of the tensor force from the p-p scattering at 18.3 Mev. In this energy region, the angular distribution is determined mainly by each of the three P-wave phase shifts which can no longer be replaced by an equivalent central phase shift without contradiction if the tensor force is as strong as the meson-theoretical one. The impact parameters of the P-wave, the inverse of the wave number in the unit of the meson Compton wave length, are about 3.3 and 1.5 at 3.9 and 18.3 Mev respectively. These parameters are very useful/ 3 ) so the P-waves are not so much affected by the potentials in the region x < 1 where the fourth order potentials are important. § 3. The central force* The differential scattering cross section for p-p scattering in the center of mass system can be expressed as follows ;
where the first term dO"Mouldf2 gives the pure Coulomb scattering, the second term is due to the nuclear force of the singlet even state and the third term the interference between that and the Coulomb force.
The fourth and the fifth terms for the triplet odd state correspond just to the second and the third terms for the singlet even state. *) Some part of the results in this section has been published already in this journal, reference 18.
When non-central forces are present the triplet P-wave phase shift is separated inw three, i.e., 3 o/, ]=0, 1, 2 denoting the total angular momentum. 3 dt7NjdQ and 3 dtTN0 jdQ are expressed by them as follows 19 l; (2) where k is the wave number in the center of mass system and C0 = (1/3) (sin 3 31°) 2 + (3/4) (sin 3 
r;=e 2 jfJv, v being the relative velocity, When a central force alone is present, they are much simplified and expressed in terms of one P-wave phase shift L1 alone as follows ; 3 dtTNjdQ= (27 /k 2 ) (sin L1) 2 cos 2 8, 3 dtT100jdQ= (9 /2) (7J/k 2 ) {sec 2 (8 /2) sinLI cos (LI + 9/) (4)
Expanding eqs. (2), (2 1 ), (2 11 ) , (3) and ( 4) under the assumption of small 3 (')/ and Ll, and comparing their first order terms with each other, one finds that, if the relation (5) is satisfied, a central and a non-central forces, C:)mbined to reproduce 3 o/, are equivalent to another fictitious central force reproducing L1 given by eq. ( 5) .
The rP scattering at low energy determines at best this Ll. According to the accurate results of Wisconsin University, L1 is definitely negative 20 l, of which the experimental value only at 4.203 Mev is not entirely consistent with the other six ones in its magnitude because of the experimental d:f!iculties.
The dependence of L1 on energy at the other six data from 1.855 to 3.899 Mev is consistent in themselves, so it would be sufficient to com· pare the theoretical results with Ll= -0.109 ±0.020° at 3.899 Mev. The definite information, that L1 is negative at low energy, ortgmating from the p-p scattering data, is particularly significant. In the zero energy limit, the algebraic relations, so that aa/(exact) > aa 1 J(Born approximation), L1 (exact) > L1 (Born approximation) , (6) (7) are proved if each potential effective to each a a/ is positive or negative definite 21 >. So at such a low energy, eq. (7) may well hold too. On the other hand, J(Born approximation) is determined by the central force alone, even though non-central forces are p:esent, whether they are tensor type or velocity-dependent type such as L · ( (j 1 + (j 2 ) , L denoting the relative orbital angular momentum. Thus L1 provides dues concerning the central force Vc of the triplet odd state. The integral -~'g':J?Vc(x)j/(xkfl/ p.c)dx must be negative in order to make L1 (Born approximation) negative, which is a necessary, but not a sufficient condition for Ll(exact) to be negative by eq. (7). Namely Ve must be repulsive as a whole.
The symmetrical pseudoscalar meson theory predicts the same second order nudear potential irrespective of the methods to construct them, i.e., Ve C 2 l is repulsive in the triplet odd state, though it is not so strong owing to the eigenvalue (-r 1 ·T 2 ) ((J 1 ·(J 2 ) =1 in this state.
In this way, our attention is focused on two problems. Firstly, does this second order slight repulsive central force reproduce negative Ll, overwhelming the contributions from the fourth and the higher terms and from the tensor potential which is effective to make L1 positive ? Second, if so, how will be the numerical comparison with the experimental data?
To see the contribution from the second order potentials dearly, we take into account only Ve ( 2 ) + s12 vt ( 2 ) at the first step cutting them all to be zero in the region X< 1. For g 2 j4rr=0.10, we have 3 a1°=1.502°, 3 a/=-0.694° and 3 a/=-0.280°. Theyresultina negative Ll=-0.207°. The practical error coming from the approximation (5) is estimated in the Appendix, which is far less than 3 0 %.
The result described above shows that even the weak central repulsion of the second order is repulsive enough to reproduce a negative L1 and that an attraction must be added to it. Then, how much is the order of magnitude of this attraction? When this attraction is approximated by a square well with its range X and its depth
We, which is superposed on Vel 2 >, the results for g 2 /4rr=0.08 are listed in Table 1 using the Born approximation for We. The magnitude of Vc C 2 l corresponding to each X is also shown.
We see from this Table and Fig. 1 that the additional attraction must not cancel the repulsion of Ve C 2 l in the region x ;:::: 3 and that it may be rather strong if confined in the region of small x. This is quite natural as the impact parameter of the P-wave at 3.9 Mev is about 3.3. The importance of the repulsion in the region x ;::::3 is confirmed also from the fact that aa/= -0.280° is negative. The potential effective for this state is V/~> -0.4V/~l, and is attractive all the while in the region x<2.732 and repulsive only outside it. It is this latter repulsion that makes 3 i3 1 2 negative. The values of L1 obtained when the additional attraction is assumed to be the fourth order TMO or BW central potential are listed in the Table of reference 18 and are in good agreement with the experiment, e.g., Ll= -0.14° or -0.10° according as the TMO or BW second plus fourth order potentials are adopted in the region x > 0.3. It is a little unfortunate for inquiring into its detailed properties further that this fourth order potential is not so large as those of the other states, owing to an unexpected cancellation of various terms composing it and, in co:1sequence, it is rather smaller than the non·static fourth order corrections•> or the sixth order ones 2 > even in the region x= 1-0.6 in this state alone as shown in Fig. 1 2. Thus it is summarized that the eff<!ct of the second order central potentials may well The second order potentiaL TMO: The second plus fourth order potential of TMO.
BW
The second plus fourth order potential ofBW. 6 Main terms of the sixth order potential2l NS Non-static correction of the fourth order5l_ W t Phenomenological correction to the second order tensor potentiaL Jl be present and may well be a main contributing factor to negative Ll, and that the necessary additional attraction has a short range and is of the same order of magnitude as the TMO or BW fourth order central potential. The properties of the tensor force will be examined in the next section. It is of particular interest to note that the negative L1 is unfavourable to usual phenomenological potentials proposed so far, for though it requires the exchange character of about (0.38+0.62P.11 ), PM denoting the space exchange operator 22 ', the usual phenomenological potentials have too weak interactions in the odd states. This again confirms the superiority of the meson theory of nuclear forces. We have now much information about the central p.:~tential V. < 2 l and W.. On the other hand, it seems to be quite natural from the preceding results to assume the presence of the meson-theoretical tensor potential of the second order vt>. In the region X> 1, V/ 2 ) is expected to be a good approximation for the meson-theoretical tensor potential as can be seen from Fig. 2 . Then we will estimate the magnitude of w; that is permitted by the experimental data following the analysis of OF. The magnitude of w; thus obtained will give some information about the higher order tensor potential.
The results in the case of g 2 j4n=0.08 are tabulated in Table 2 . The permitted (5) is present alone. We examine whether the errors caused by this approximation take serious effect on determining the L1 from the experimental angular dJ.stribution. If so we have to campare the angular distribution due to aa/ with raw materials of the experiments, without resorting to Ll of eq. (5).
The angular distribution of p-p scattering experiment at low energy deviates from that assuming only 1 S-wave, if 3 P-waves take part in it. This P-wave anomaly is appreciable in the region 8<30°. Can the terms proportional to csa/) 2 be safely neglected there compared with the terms proportional to 3 The set of 3 ?J/, whose magnitudes are the largest that we have calculated, is given in the case when v< 2 l = V~2) + s12 V/ 2 ) with g 2 I 4 7l' = 0.10 are assumed in the region X> 1 and are cut to zero in the region x < 1, and is given in Sec. 3. a 1 ( 8), a2 ( 8) and a/ ( 8) obtained by these 3 ?J/'s on the one hand (suffix NC) and by assuming Ll alone on the other (suffix C) are tabulated in the Table. As the actual tensor force would not be so strong as that given above, the actual ~a/'s are estimated much smaller.
Thus we can see from the Table that the effect of the neglected terms is far less than 30% and does not affect the main results.
The same conclusion, that the improvement of the fit can not be obtained by inclusion of quadratic terms in 3 ?J/ is stated also in reference 22. 
